ECONOMETRIC REVIEWS, 1320, 137-081 {19¢3)

A COMPENDIUM TO INFORMATION THEORY
IN ECONOMICS AND ECONOMETRICS

By Esbmdiar Massommit
Department of Bosmomics, SMU, Dailas, TX 75275

Key Words: Information theary, entropy, imequaliiy, tests, adaptive estimarion,
MLE, distance functions, uncertainty, agFtegation, nonpacametrics.

JEL clagsification nos. O13, C1d, 050
ABSTRACT

An extensive synthesis is provided of the CONCEpES, measntes and technigues of
Information Theary (IT). After an axiomatic description of the basic definitions of
"infprmation functions”, "entropy" or mncerteinty, and the maximum entrop
principle, the ef demonsirates the powsr of 1T a: both an ELeTpIEtive uﬁ
technically notive coal. It 35 argoed that this power and unaversality is primac
due to the common need for {§) measures of distance and diserimination and, [ii
APFIOPCiALE partiti agEregation properties.  IT offers a very 3
ueification dor a bewiiderng and arbitrary set of approackhes thit have evolved ic
difierent disciplines,

Applications are discessed or indicated, These applications have televasce o
ecomomice, finance, indnstrial crganisation, marketing, statistical infersnce and moddd
selection, political science and communeation, A g focus of the discussion is the
genesative power of 17 measures in gtatistical examinations of onknown distributions
and tandom phenomens.  Messares af “oncentrition and inequality, aggregation
fimctions and index numbers, tests of pested and non—nested hypotheses, and
mesgures of volatility, mnijjtF end divergence are presented. FExtending the anthors
Il_reviw: work, estimation of wnknown régression functions, densitics and score

nctions i3 examined based on the maximi entropy principle.  Some empirical
cxamples are dtad,
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1. Imtroduction

The interast in the "distance” between distributions, ie its many manifesialne, s
adopted as & © ipg theme in this paper. Discrimination, tesis of hypotheses,
goodness of Bt .0 model seiection, estimation (MLE, Mia ° 18,..), agsregation,
clustering  and indmdeg, concentration, imequality, spaces and their metrics.
divergence, Mudmom Eatropy distributions znd funetiens, are all examples of anaiyses
that fall within the domain of Information Theory {IT). The notien of "distance" or
"diperpence” betwesn distribotions, in partbeglar, ha:z been central in statistics
inference from the earliest stages. This is evidest in the work of Mahalanebis, 5.
Kullback and Leibler, H. Jefirays, Pitman, J. Aczel, G Rao, B Parsen, H. Akaike |
J, Rissanen, Shannon, Harstley, A. Renyi, F. Jaynes end many other scholars. In
peonometrics, 3, Tintner, H. Theil, T. Saws, E. Maagoumi, I, Fiebig, P M. B insom,
1. Semgupta, H. White, . Klein, A. Fellner are bt a few contributors, The zarliest
tencthook in econometrics o introdace information theory was Davie {1841). Theils
(1967) seminal book and bis Pringiples text in ccomometrics made IT better known 2o
econimists and other socizl scientists.  Anyome who hat addesssed andiences in
economics, however, wonld attest 1o the need to make this aren better krown and

sppreciated. An account thit reay achieve some belance betwern the fect d, the
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concepinal and the praciical aspects of IT may serve 2 mmach broader audience. Fhis is
our aim in ihis suwrvey which will bave at least ag many omisggions 2t any single full
lengzh hock in this area. A recent text by Cover and Thomas (1981), while writter for
experts ontside of social sciences, privides an exeellent coverage of the concepts as well
&8 the applicateeas of information thessy in fuch arcas as data compresson and
commusication, An aceount of IT appeared in Maasowmd (19880}, The current paper
i intended to be nsedul to social seiectists aod incudes some recent developments in
ecomomics as well 25 in econometrics and statistics.

Pazzen, moved by the elogance and the power of information thegsy formalism in a
variety of smwations, calls for "a eew culioze in $tatistics" in which this theory is
amployed to interpret and motivate most of our activities in statisiical inference. In
addition, the axiom systems in information theosy supgest decomposition principles
which distingmish different information [asctions apd entropies®™, and identify
desitable measures, decision criteria and indsces. It is seen that in the absense of these
plansible decompesition requirements it would be difficalt te justify the camently
almost exclusive dependence o application: on Shonnom's entropy and  the
Kullback—Lethler critericn. This analysis supgests new critetia and solutions which
open up new directions in research, )

Tn tke next section we brielly develop the basic definitions and concepts bhoth far
self—sufficiency and in order to provide a flavor of the axiom systems that underly the
power and richness of IT a8 a unifyieg theory. In subsequent seclions | give a discission
of further developeeents of the modast suggedtions in Massoumd (1372, 1085, 1088k,
1688h) for o masimom entropy approach to nor—parametrie estimation of wnknown
regression and aperegation fuections. Recent work of Zellner and Highfield (1988) and
Maascamd and Ehang [1552%) on oumerical calenlation of the Maximum Entropy (ME)
density apeas the way for practical applications to & host of other functionals such as
hagher seements, derivatives, score fonctioms, and information matrices. This is a
powerful alternative to kerne] depsity estimation which is interpretable as a disciplined
methid of moments approach.
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2. Information functions and Axiom Sysiems

2.1 Basics: Lat W= proh[::xjj, i= 1,%....0. Lat an experiment produce
an outcome {oeemt) x,.  What amosat of information is cooveyed (uncertainky
reduced) by this experiment? Following statistical mechanics it has DECODLE Customary
to comsider informaticn as a function of probability?.  Let g(p} represent the
informatien fenction. The highes the probability g, , before the experiment, the less
*pews" {order) is convayed by the cuteome. For example, ifpy =1, for somne k, and
= 0, dor all other i # k, che occurrence of xp  containg no ieformation. It 35 then
reasonable to require that gf.) be a decreasing funetion and g1) = 0 and [0 = m.
There ara many non—negative functions thit satisfy these requirements.

Asciom (properts) spstems bave been developed in this fiteraturs in order to
characterize and derive "ideal” infoemation fonctions. For instamce, from Hasthey
{1828), Erdos (1§46) or Reayi (1861)  charactesization of g{p) = log (1/p) is obtaimed.
Tha fanrticmal anaivtic results that guide ssch characterizations aze yypified by the

fallowin basic lemma:
Lemma. Let bin) be an additive function defined foen =12, If w reguire:
1. hinm)=hin} + b{m] ; (adaitivity)
S ]I)irx: [hin+1}—hin)] =0; [monotone decreasing)
o

then h{n) = cln n , where £ 15 & constant obtained aceozding to the chosen base.
Aviom spstems with less stringent "additivisy” sestrictions lead to pemeralizad
¥
information fimetions sachas © P whick includes —log p 25 a limiting case when 1=

T
0. We explore axiom systems that characterize the zelated comeepts of expected

information and entropy.
132 Entropy and Brpected information.

The expacted information from an experiment with 1 possibie ootcomes is defined
as follows:

1Dependenss on probability alone is & comvention 1hat 35 not withous controwersy, see
Georgescu—Roegen [1I66).
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E poip)=Hp}2 0. p={(p by Y
When g{p:] == —logp B H(p) is known as the Shasaom (1948) entropy introdaced in
commurication thesry. Weiner (1848} proposed the same definition in cybemedics.
Also gee Shannon and Weaver (194%). For continnous variables the definition in (1)
and others below would be ecended in the obwvious masmer wsing integrals and
emsitics,

Entropy is 8 measure of wocertainty, dizordet or wolatibty associated with a
distributionrandom varable. For example, H(p) = ¢, if p = (0,0,1,0,.....,0), and H{p)
= Max H{p) = log o, when p, = 1/, alli. This concept of entrapy is inherited from
statistical mechanics. It has o controversial and somewhat tennons conneciion with the
phyacal concept of "entropy” first introduced as the second law of thermodynamics,
The: latter posits that the "eniropy™ of the universe always tends (o & maodmam ("heat
death™). I we think of eoezgy as having two components, active [utilized) and
patential {latent), then:

Entropy = potential energy [/ absolote temperaiurs

This is an cvolutionary law of dissipation. In 1565 B Classius coined the word entropy
from a greek word for evolution. The statisticsl eoacept of entropy acose aut of & desice
@ (i) deseribe the phenomenn (shuffling of particles) that produce heat , and (i) use
protability 1o represent ibe imherent disordes in such pheoomena 5o as to derive a
* definition of entropy (disorder) equivalent to the one above. The principles that allow
for this operation to produce , for cxample, the Boltzmann entropy (c log n), have
remained as controvercial as the arguments sorrounding the definition of probability,
smbfeciive o1 otherwise. It seems best 1o adopt the definktion of statigtical entropy as 2
usefnl measore of disorder, 2nd to avoid epdowment of this definition with 2 gemeral
physical meaning. See Georgescu—Rosgen (1965) {or an inspiring account.

Buc statistical eatropy 15 nod uniguely defioed. There are axdom systems 1hat may
justify Shannon‘e o sthee enteopies. Congider the following axioms ;

AL Hip) s symmetoic (anonymous?}
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A2, Hip) is continuoosin pfor 06 ps L

AL B(lfnlfn,..ljn)=1, (orssmesther nommakization).

A4 Hip*q)=H{p)+ g
where q = (q]. LI qu}l and p ¥ q i5 the direct product of g and g {piqi]. Ad siyg Lhat
entzopies of independent cxperiments are additive. Under A3 — A4 we can find many
entropy functionals; for instance, all linear transformations of the following [Renyil:

1
H,1p1=ﬁhstfnfl L TH0,1 (2)
and  lim H? (B = Hl(p} = Shannon's entropy defived abave.
=1

Now consider the following branchingaggregation sxfomn in g - of Ad:
AS. H{Fl’Px'"'"PI:-L’ tpk,{l—t}pl,pﬁ_l, ..... B
=H(p, Dy B, ) + 0 Bt 1ot} DL L1
A5 implies Ad, but ot viee werss. Then:
Theorem 1. (Fadeew (1957}
AT—A2 and AS identify Shangon's entropy (unigesly).
Oernpaze the bliowing:
Theotem 2. (Senyi (1961))

P, *Lq‘} = %_lqj- sush

i

Lat pUQ= (P Ppns By Gy e ) and wip) = %=
that wi.}£ 1, wip]+wligq) Ll
Then giver Al—A4 and il
ie [} satishes the arithmetic mean—valee property, then H(p) is the Shannc:
emcropy.  Higher order emiropies are obtained by requiring other mean-vilng
proper 28; for instance,
Thecrem 3. {Renyi {1501)):
Lét 4 (=) be & strietly monotonic and continwos function with x = ¢™'{ ) dessting

its inverse. Given A1-—-Ad and if

K Hpug =[G i)
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we have

Bip} = H_[p), defined in (2), when wxb= 20" an exponential function,
amd, I

Hip)= E,(p}. the Shannon entrapy, if w{x)= ax + b, adl.
Of egurse, when ox) is linear AT and AG are identical

Croas entrogers

Let: A[XUY) dencte the Shannonm entropy of the jeint distribution of possibly
dependent random variables X and Y, with marginal entropies denoted by H{X) and
H{Y). Ii mav he verified that,

WX uY)=H(X)+BY)—HXnY), where

BN Y) =[xy Ynlf{ ) x) (3 ey (%)
where f{.} stands for pd.f The expression in (3) is known as the cress enéropy (OF)
and is & very versatile measure of dependence or association (lesir or mnot) for
continous, categonical and for ordinal cateporical variables. See Joe Harry (1085 for a
recent aceount in which the superiority of CE over such measurss 28 KE iz made
abundantly clear, Az we shall see in section 4 a test of independence may be based on
estimated values of cross entropy. This i 50 since CE 35 a measare of "divergence
between two densities {hypotheses), a concept we now turn to.
2.3, Dhstamce and divesgence betwesn Distribotions

Statistical inference iz best soen as a problem of measuring and judging affinities
and diszimilarities among distributions. An axiomatic approack has also develaped for
the charactorization of "ideal" measures of divergence,

Let p be a "price" (or given) distribmtion and g be the conditienal distribution
given an ctentrence of event B, What is the "information gain®, or the “distance”
between pand q? Let us dengie » measure of this "information gain® by I{q.p). Similax
axiom systems as were discossed earlier can be naed to charackerize different choioes of
I{.). This is a key development since metrics define all the fandamental criteria of
gcience that are nsed to discoss rationality, optimality, penalty, utility, and formal
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spaces. To  cdomatie fasmanlasion 35 & poweriul vehicle for amalyzing the explicic as
well a8 implicit biases that underly all such criteriz. In ohis way 2 formal dizcwsaion of
"snmsensus mesenres™ can be comducted. To aveid repetilion and in ordet to indicate
ke infiuence that these abstract developmenie kave had m odher diseiplines, 30 ascount
of these axiomatic derivations is given in later sections of this survey on esoncmics.
Fire we may procted with some ecamples of divergeacs MEssuTes ad {ollows:
M I =5 qim;—;
=B, [lnf1/a;) a3 /)] ()

whers B # i, I:i.j » 0 by Jensen's indiuality, and Iliq, ph=0ift g = p. Notcthat thizis
a dhirectional {asymmetric] measure of Sivergence; see White (1942} for a figoeous
definition Tor probebility messnres in continsous space.

@ nea=an=3 pag s}
with the same properties as F{g,n) tut g # 0 35 now required.
(i) Kullback — Leibler — Jeffrays measure
J(ap)  =I;1am)+1; (gp) asymmesic measue
=El (a,—p)(ima —lop) (8}

(i) The gencralized k—class measure
li q—kﬁa—l].kﬂ )

I {a.7) =T
=g

1
]h::r [l: [] = [qp), and

{v} The Gencralizsl Entropy Fameily:
1 o -
I.f(q.p}*mil tg[[:‘i} 1].1:*0, i (3)
withjaed I as the limiting forms that were defined, respectively in (1) and (i) above.
When ¥ is a continneus random vadable with f{x) as its probability density at the

pai: «, we first note that Rengi's (1961 class of entropies can e written as
{1} = (v= 11 log BAEa) T, 141 (@)
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When 7~ 1, F[_I[f'] temds to Shannon's eatropy, — E loglf(x]).  Alse a k—class of
entropies piven by Haveda and Charvas [1967) is:
By = (k-1 —E T, k42 (10)
m=Elogl atk=1.
Note that while k—class measures in (10) satisfy the axioms A1 to A5, the soiropies of
Henyi satisfy Al to Ad,
Based on thete engropies the measwies of divergence for a comtinueous random

varizbie X having densities { {x) and fgl:x]. correspond 1o {iv) and (v as follows:

- _ 1 X
(v} W= - ki1 (1)
¢ i 1 E A .
[¥] Lifn= ST JE )1, rbor—t {12)
'u.rith]_lm (ir)’ and Iyin (v} being the continisous verskons of [:j.n{i]. that is
l]':f:.rf,]' = nj'f?lng {Iﬂffj]
==E; flog(i/f ) log(L/f )] {13)

We note here that for & divergence measise o be & proper distance (metric] i
should be positive, symmetric and satisfr the triangular inequality. Thus the
asymametric (directed) and symmetric divergenee measnies piven above dne Lol praper
distance measures betwesn p and g {I’I and f;]- ‘This is becans: the divergence measure
in (iii} does not satisfy ihe thangular inequality. Bul il may be verified that wher k =
1/ in {iv)" we obtain a symmeiric and proper distanos measase ag ollows:

Ij.fz = l'.h{{z' i-:1J b Iu":“m’ iz] =41-J ﬁ:'fz] hllzdx]
= 2lf (/- 117y tes) (14]
Farther
L =4B{f, 1) =2M{E0) (15}
wheTe
B f)=1-p; ¢ = Jif £ 1% {16)
and

M(I:: f]] = I[f:."?_f:.'rzlidx (17}
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are the Bhaitacharya (1843}, and Matuzita {185F, 1967) distances, reipectively,
sat:efying properiias of a metric. p' Ay Srve s o measnre of association since
oo = [imliey,
Statiztical propesties of M are piven in Kirmani (15700,
Ag altergative distance measare is 3 Hilbert I.-E-*n.orm distznee and has beez used
inih conparam. o hypothesis testing literatare

L, =Bif, £) wm (T ~£ )2 (18}
This is an example of L ~norm distance, L, = {{1{,~1, |ByME. The important case p
i 1 corresponds to the well known Kolmegorov®s {1968 ) distance.

Several of these distance measuras are uged i dJuster anadyss, For an application
and further digcossion see section B below,  In section 6 we will discoss faxther
chatacterization theorems (axiom systems) for some of ihese measures im i
terminology of modern welfaze ti- 7. Aceel and Darocey (1975) 15 a good sousee foz
relevant derivations and toonnieal getalls.

3 Maximum Entropy, MLE, Min 3°, and L§

AN "rational™ decisions and measurement procedures in science are justified or
formalized on the basiz of optimization relative to smitabie criteria and restrictions.
Bot what axiom grstems justify apy particular ceitecion? Are there particular criteria
that are mose asily (mniversally) justifiable than others? The sxiom systems deseribed
earlier in this paper are meant to be suggestive of answers to these guestions.
(Geperally, Kullback — Leibler measure is the criterion of choice if rather plausible
branching fagerezation consisiency restrictions are impesed. We will focns on this
meastre of divergence in moch of this paper, ot see section 6 for gesecaizations,
a1 Thi: ME principle

Maxdmom Likelihood (ML) methed begine with the specification of a dstribation
fonction (family f{v,7) say) and then relies wpon data to infer 2 particular member {#).

1 4.} is given we koow all of its mements. But if we ate given *he values of some
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sroments {(of moment functicns), we have less information a5 there are generally many
f{.) compatible with sech moments. The Maximom Entropy (ME) and Minimom
Information { M) principles state that we should fod 2 distribution in such a way as to
minimize the {inadvertani} uee of information other than is explicktly avalable. We
may segard this as a definition of disciplined infereace. Almest all statistically criented
problems can be transiated into this type of "inverse problem'. [t i3 formally as
Tl Lavgrs:
Let EI}{.} be the prior deasity, if any, and solve the constrained aplimization:

Min - ) In |f{x) /f{x}] dx (19)
sbect 10

Jfizpde=1 a0d Bg(x)=a, r= 12, ..,m
Some popular gf.} fanctions are x, =, (ln =) Ta{l4x"), |x—Ex| ", sine, cosx, eve. The
geneeal solaiion, known as the ME distribntion, 35 ;

fx) = ) p = 3 = gy . = Ay ] (20)
whers .5.] are oibtained so ac to satisfy the constraintz. The unknown moments o must
be esfimated in practice, ether by ML or the method of moments. This is the sense in
which one may interprel ME based techaigues as "disciplined" method of moments.
When such estimates are sabstitoted for o) the corsesponding ME density is denoted by
t"l:x}. Alzo, there ase many numerical algorithms fof implementing the above “inverse
problem™, Omeis demonstrated in Zellner and Hghfield (1488}, bal this aigorithm did
nt work in most of tbe cases we tried.  In Massouwmi and Zhang [1992h) other
algorithmes are proposed, inchading cne for the compatation of generalised entropy. We
are compating new messures of "valatility” in financial redurns dasa based on these
aplroples. Sae section 4 below for forther supggestions. Whea [D ia the uetform density
the ME distribotion simply maximizes the Shannon entropy. Tables 1-2 provide some
cxamples of well known distribotions derived as ME distributions wnder different

constTaints.
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Table 1
MAXIMUM-ENTROPY DISCRETE-VARIATE PROBARILITY
DISTRIBUTIONS
Range of E?odﬁl:d Prige ME-MI Hame
Variate ornents Distn Dista
1, Py
L,2,...0 - - nl i fiorm
1,2,..m mesn m wniform ap penmetne
01,20 mean []Il] E plgn hingmial
0,1,2,3,... mean m (i) %T: Paisson
1,23 MEAN M i . Lag Series
e A B ©

E gt

- d
1,2.3,... MALN T i -t gEnera’

% a° Foomett

%9 Relstion to MLE and Min x°

Let u5 congider the discreve case for simplicity and dirsct connection fo potenii.
applications in discrets variable models. Let P"{I'ppgr---ﬂ:'n} be an unkoown
distribuwtion for x, and pﬂ=tpiﬂ‘pﬂﬂl"""‘Pnﬂ] it ME connterpart. Let § and 5]]1 :
their Tespective entropies, and 48 = 8 — 5. Jaynes {1679 provided the followming
"enncentration thearem":

Thenrem: In M random trials, 2NAS iz asympictically distributed as

chi—sguared with k = n—o—1 degress of freadom.

This theorem allows confidence intervabs to be construcied for observed {estimated,
hypothesized ) datributions; It can be shown that:
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Tahlc 2

MAXIMUM—ENTROPY CONTINUOUS-VARIATE PROBABILITY
DISTRIEUTIONS

af [~m=)
hed Moments Distritbatica
Efx Doges not eaxdst
E{z) = m, E{x—m}=o" N{m, &%
Ex—xf = MN{m, &%) (m arbitrary}
EixMexa Does oot axict if & iz add
r
T=1,2k fix) = exp [—J{u—}«:x—...—lkx‘],
if k iz even ’
Eflz|l=r Laplace
Ef | | ] = Laplace with mean m
x) = m, Ef|z=—m|] =& Laplace with mean m
E &f1+xY Generalized Canchy
b Bange [},
E]x fh. =1 exponeatial
Etx , E{ i) CAmMA
E(x], E[k(1+x]) beta
E{imx), Ef&x)? lop normal
E I 14x% unilateral generalized Caunchy
Eix)=m, E{x7)= s Truncated nostnal H #f < m?
expomential if o = m*
does not exist if 27 = m®
Range |0, 1]
c}glm'_ﬁﬂ o Distribation
noms: uniform
mean truncated oopomential
Elx), E(x%) trencated normal or itencated o or
nniform depending on prescribed values
E{mx}, E{&(1-=)} heta

n
A8 =—Tpjginpiy +3pjIn e = Inlog (n;/myp)

= 1oy my) / pig e AT (1)
NATL = N[ =L} =5 (N~ B, F/ Npyy +oreee
I =Np, boglpfy): Lnie= B0 loglmgfa b (22)

with g representing the "prior® distributios, if any.
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Interpreting Np;, = x; as the obsorved frequencies and Np, as the expected
{predicted or hypothesized) fragnendes, the above expressions furm the basis for the
proof of Jaynes® thaneem, and also the following equivalence resnlt for MLE:

Tet B ju) beas defined above and x, i = 1.2, ...m, be the obstrved frequencies in W
independent trals. The log likslihood fasctbon 13

x x !(n
]ﬂ'{'u;[]’xﬁ:"""rn} = ln(N!f:ﬁ.l lexnrjl P, 'psf... By
(... + Bxnfs, /N)] —Exia(x;/Ng;)
=In C=Exlnlx [Ny} (23}
By Sharnon’s inequality the second term is noo—nepstive and vanishes i p, = =, /N,
Thus C = Lma_: ervar all P Again, sepanding the second term of o L{.) abowe, we
hawve:
Alnk = oL k=3 x{ +.., where,
xf = B{Np—)?x, =B (Np-x, ), = BNp, )Ny,
We concinde thas, asymptotically:
INAS = INAT =28kl = {24)
“This is the essential conpection betwesn Min chi—square and ML criténon on the one
hand, and ariomatieally fostified information criteda of “divo o o' between
distributions, medels asd bypotheses, om the other.  There §s alse 2 related
interpretation of MLE as an information theoretic estimation proes1e, a5 follows:
Lt f¥) and gy, §) be two probability densities for the ran: 1 varable ¥, with
unknown parameter §, and the Kallback—Leibler divergence goeen 09:
E:g) = [fin{f{gdy
= [y} 1n £y} dy ~ I £¥) In g5} dx (23]
T{ we are given f{v}, for instanc: when it is observed, and if g[.) is known apto 6, to
minimize I{.} would be equivalent to minimising the last term (cross—entropyl.
Acranging the datz in ascending onder, we have
fi¥)=1t/n, for 5,854 Figpq 0= 1.2,...0
and if we minimbze the empincal cros—mitopy, — _I: Eln g{g.-i,fj, wrd. F we would
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be maximbEng 1 ]t.g,l,{y]:y?,....,!.'n: ), the log lkelihood of n independent

ohasrvations. Thus
MLE{ #} = Min [nfo. Diverpence { MID) estimator.

Fdgewnsth—type approximations to entropy functionals are disenssed in Maasanamd
and Theil (1879). Note that infrmation eriteria are not degendent om dienension
andjor parameiric foxms, making them especally suitable in nonparametic sstiings
and for nom—-nested hypothesis testing: see 11, Good {1963 for an eacly discussion.

23 Financial Entzopy.

Recenthy Siuteer (1992) has giver an interesting interpsetasion o the nindnzized
Kullback—Leibler divergenee between a risk nentral probability measure, dv, and the
actuel measure dp of the relative refurns on assetls in an arbitrage—free markel. This
"fipaneial entrapy" is & nsehd indicator of the information gained from the obesrved
returns data Tegarding the degres of misk adjostment necessitated by an abmence of
arbitrage and the existence of risk premiz, Stetwer telies npon 3 relative ME inverse
profiem for W assets with the constraods ©

B, %] =B j_:] =0, i=1,.%
X o= (Rfr)-1, R is the gross read 7eburn on an amet, and ¢ is tha gross real interest Tate.
When it uniform the minimization of this refative entropy | Kullback—Leibler
divergenos) is equivalent to the maxdmsation :li'S.ha.nnt;n's entropy with respect to dv,
the gramtity measuring the vncertainty in the measure v, See Shore and Johoson
{1980} for a Tecent amiomatic justification of the Kullback—TLeibler measute of relztive
entsapy. See Stutzer (1992) for farther refrrences to applieations in finance theary.
34 Prendo—trae models and Parameters.

A7 increqsing number of econpmetticians bave begun o accept by their deeds thal
pon—experimental data ars inevitably analyzed by misspecified models. Maodels mey be
misspecified theoretically, statistically, or both.  If medels are miggpecified in an
indeterminste manner, then e should not be ammiog at the discovesy of "troe data

generating processes™. As has been argued, for exampla zee Maasoumi {1588a), it is
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useful and perhaps inevitable to define amd work with statistieally accessihle
papulations about which reasonable inferensss may be deawn, Inforsation theory and
the ME principle afford ua a means of defining suck objects of inference in 2 way that
combines the sample information 2= well a5 a priort model clagses from which a member
is then selected. It 3% often the case that such peaudo--realities ase much moze
suceessiully accessed by statistical inference and remove 2 common misunderstanding
about learning abowt scientific models sather than statistically wncomdfirmable
phenomena. A sSmple axample may be worthwhile:

Let ¥ be the veriable(s) we wish 1o leamn abour.  Let F{Y !X} represent a
conditional statistical sodel lass which need not be parameinic of specfied (o any
degree. A pricri there i3 usoallr 1o compeling reason for parametric specifications of
F{Y|X), bot it i often seiontifically convenmient to think of znother distribmtion,
GIY[X]) = N (X o™} say, a5 o formal appromimation. Note, however, that
attoibotion of mesnings 1o such parameters as § at this peint beat: @0 neceseary
rlaticnship ¢ F{] and is 5ot required.  Indeed G[) may be allowed 1o be
nmoc—parametric itself, Information theory SugEests & frst step in which we may firsd
selact an appropriate member of the family prec ted by G(.), i, a choice of F and o
in the parametrc case, which s in some sense the "closest" to Fi.) before any
sslimation is to take place. Faor instance, if the knliback—Leibler—Jeffrays' measnre
between F and G is minimized with respect to § and o2, we obtain:

= (UK K and o = kM, g+ E {26)
where T is the dimession of ¥, by = EAY|X), M, is the well known "fundamental
Tegression matriz®, and 1 arﬁ]: are known &5 the "pseudo=troe” parametes; see Sawa
[1878). The coreesponding member of G| %) dass, Gnli‘fl_‘{}, is what we refer to a3
the statistically accessible model. A simpie moments estimate of the mean of ¥ may
replace 1he wnknown gy 1o provide usnally consistent eaumnmniﬁﬂ and ;rg [ia, Gﬂ,:l.
For instanee, OLS estimacss in the linesr repression mmodel are seem &0 be more
cammonly consistent @0z the pscudo—true paremeters whatever g and ¢ may he
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Indeed, it is not chear why the fatter parameters shondd ke of interest! Learniog abows §
and o iz oot o well-posed statistical guestion. See seotion 5 for the related work of
Hassanen which adwocates the encoding of both the data and model elaszes from which
an ideal member 35 then chosen. Like G this member it 3 date—dependent scientific
tarpet of inference.

The definition of pseudo—~troe parameters may be given in mone genecal
"approvimate” or “misspecified” medels than the limear one in G} abowe, The
following is from H. White {1892) where appropriate conditions are fully laid cut:

Let g{‘:’t,ﬂj he the approxmate probability model and E[Yt] ihe true one. The
piradneder H' which mintmizes the Koliback—Letbler diverpence batwesn these two
chengities {5 the paendo—toee and gf‘x’t,.?*] ks the psendo—true model. If i3 also true that
8 is the salution to

Egg Eflog g(¥,. 0] . = the admissible values of 6.

And 2 commenly consigtent and asymptotically normal estimator of E" iz obiained fom

maximnization of the mean quags-fog hkelihood feoction for a sample of T observations
Mar T_lf!ug Y,

4. ME regressions, estimation, and tosting,

41 Estimation of BEconometric Fonctions Tising ME density Fruoctions

In econnmsatcies we study varoas functioas of interest {conditional moments), for
example regresaion fusetigns, I:et.em.!ia:la.s:—iﬁtl- fanctions, awtocorrelation fonctions,
Uspally, thase functions are studied by assuming parametric forms.  Bul ape can avoid
o priori specifications by wsing the ME density defined above. This motivation has
been suggesied and devdoped in Maasoumi (1979, 19840 and 1983%). Hyu (1981) bas
further developed this idea for comditional moments as regression functions. We note
that an unknowe fonetion can be transformed eo a8 to satisfy the properties of a density
function. Then the ME solotion is obteined which in tuwre cbtzine the optimal
functional form. The following example iz given by Rya (1001}
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For the two vasiables ¥ and X - - nole 1has the regression fonetion is

w(x) = BYIX =2) = [yiplxpay = _JIT1 2)CY (27)
Similarly, fof the variance (condisional beteroskedasticiey) and higher moments:

oHx)=V{y|X=x) = R(¥7|X = x) —m¥(x] (28}

L ELIT DL guere (29)

The numerator of the rogression funciion m(x) can be wrtten as

hix) = J  wilyx)dy = m{x)i(x) (30}
Note that, since | bx)ix = | ¥y = EY, b'(£) = h(x)/EY is a density fanction.
Thus ;

ma - B (xlog b (x)éx) = max |~ bixllog ()]
and we 2 derive the ME estimate of b’ under such restrictions | Ex" = | 1 {x)dx
=ayr=1.,m Wemnsp gbtain an expression for ]-1‘{1‘] as in seceion 3.1, wilk g (x) =
%, aud an estimater of o such 25 ;1_= n_lél A5, ¥, where x; and y; denote the
- -aple ohsarvations on X and ¥, Further, 1-1{1} = (ﬁy}ﬂth} with ﬁ-}' = aced by an
¢ atesnchasF. Finally the ME estimasor of the regression feaction m aple

nx)= 802 31)

fi=x)
where [[x) is the ME density of x derived as describad in section il

Maastumi (1985, 850) propased the wse of Generalized Entropy {GE] method for
genetating wnknewn oromomic and Tegression fanctions without side restrictions.
"Ideal” zgeregation fanctions, such as peneralized geomettic and hyperbolic functions,
ate derived in this spirit {see © om 7). Fou (1981) has gives some exanples of ME
Tegression fnctions hased on the Kollback-Leibler messure {ratber than GE] but with

memment restrictions. Table 2 iz based on his resalts.
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Table 3
ME fonctions with known restrictions

Funciional fnrms

FoyNaarm o)

(2] Exponeatial poiynomial
yie x ) = e a i

a
o sD! l.': DL1D?

(3} Cobb-Danglas fonction
Il}‘g].'l'.:x x ]_1 +E’ zlqu
{c} 'I‘mnsl-ﬁgflmctm

ingvl,’x;t',l:a. +E* a.lagx

g x mu-; x
{d} |'|1§|E-;I Bl ni 2]
log yix X J=a +§j a 103(35,*! 2
{2} Gmaﬂl

o= +E? a_-,n' i+

1,_5-: =

{1} Fourier 1!.':’501111

a=a, +3 X +E’] IB'ij 51+
T ir. 5
nizirhnlmg L 1'|I:'|2
LExp]im xI]&!‘piLn xJ
(£} Minfleox—Lammt transiog form
bog ¥(x = )=, +4E7 2 log =

-ri‘: N ¥

Yaghes B 108 % )08 %)
# T ghes Clton %) (log=p”

Form =0, .. N awmdm =0, L

hmhhﬁﬁ’
Fori=1,12
gixl=Llgix)=logx,
Fari=1,1% m|= 1%, and m;:J.,E
b ) = 1. fx) =log x,, ans
5 5} = U8 2 Mg )
Fori, j=1,2
8 =L g, [1 X ]_ing,{x +x},ﬁ
I-'m- i1 = 1, 2

T = log y{x_,:j}, By= 1, g_l=1r EI
e xaj .,l'x_i:_

Fori, j= 1,2 and (m m ) ={1, &),
1) (K. %)

T = Jog Fix:'xa}: Byl =1

Efx}=x,8 fxx)=xx and,
Smlf11}gmjfx2} - eucp[im]xl]:qa[imng
Fori=1,2and 8 = {{i, )14 Li=L,
= 1, gh{xt} = 2 log L giil:x!x]}
={lag 11}9, fori= 1,2,

g ={logx J(log x ), g5, =

(log )" {log x ) for (1,]) € 5
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The ME estimmater of © sher order conditional moments of ¥ can be determined
gmilarly, Forsxample, the ME estimator of the varance i
dlx)=_% 1¥) mifx) (32)

=)
where ¢(x) is the density obtaised from

i | — [ elxllog x)dx]
w
satistying Ex” = u,. Note that ¢{x [ y*(y,x)dy/Ey" and an estimate of & such as

n"]igleyj’,n'{n_l Tyj) must be used ‘o practice. The estimator ;}(.t} can be ased o
gy vatatility in economics and Bncoce, One may comtrast this ME vamiance estimate
with entropy iteelf as a measaze of "volatility™, see Maasoumi and Zhang (10023).

T'his esepresgions fox :-n[x]l and -u{:;) will depend on the choice of g (x) in the mement
conditions Eg:l_{x} =4, In the above discussion Elx}= *". Agin Ryu {1991}, bowever,
i gl{xj = PIfx], some pelynemial in x, we obtain the "orthe sormal basis régredsion
estimators” of m{x). Further, if we use g {x) = explimx}, & srigonomentic funciidn,
mix) will be Gallant’s (1081) Fourier flexble foem. See table 3 above for other
examples znd Kyu {1991} where some asymptotic properties of crthopormal basis
estimeter is given, The choiee of the "smoothing function" g(x) and the "smoothing
parameter” m (the namber of restrictions) poses questions that are akin ie those in
kernel denstty estimation. A large value for m is eguivalent - aging a great deal of a
prion information and can lead te the se—called "over—fittiog" problem in practice
Our ability to aldain reliable sample estimates of higher moments of zandom variables
ghould, however, impose natural limits in practice which are lacking in alternziive
 non—parametric approaches.

4.9 Semi-Parametric Models, Adapitre and Robust Estimation

In additieon to the nonparametric specification of 1he regression type finctione by

usimg the ME density estimator, we can aiso use the ME dechnigue for cobast

estimation of semiparametric models, For example, if %= xiﬂ +1y where o i an i
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raniom ercor with an unknown depsity fu), then the maximom likelibood estimation
of & can be carmied oot by using the ME density fin). Te see this, write the (log)
likeliboodd function as

log L. =i§_]]ﬂﬂ- {':.}'j_ _-"'l."-'"} [az)
and

flog L_ e T

— S(# =0 izltﬁ{ e {34)

where 11-'[\1_-‘} = - f[n]',l,."f[n,]] = —dlog fl:ui};'&% is the score of fug). /7 plays an
nbiguitons mle in estimation of locatton in modern statisties, as well a3 1n scoze pests,
go Joiner and Hall (1683), Bara and Ng (1991), Manski {1884) and Koenker (1982).
Forinstance, the two—step eatimatar of 5 can be obtained a5
F'= b+ B S(B) (35)

whese I({?',I iz the Fisher information matsix evaluated at an initial consistent estimator
A Note that T3 and 3(5) =EI ¥n;Jx, can be obtained by using the ME dessity £{n.)
and its derivative in 1,11(1;3], whemx-i =¥ —:ifi-

Another semiparametric model i ¥, = xf + v, where Viu|xh = o'(x] is
unknown. A two step generalized least squares estimalor of § can be obtzined by using
the ME estimator of a’{xi} in the fizst stage. Such estimators may be contrasted with
popniar hetcroskedasticity andfor autoeormelation congistent covariance estimatoes
propoged by H. White, Neway and West, D Andrews and others. Theil and others, for
example see Theil and Laitines [1960) and Theil and Fiehig (1984), bave stodied the
compatation of ME moments and densities extensively. From this work 2nd slso work
dona by Soofi {1991) and others, we also learn that ME second moments may be
suceesshully vsed to deal with problems of multicollineasity and “undersized samples"
in which the nsual sample second momends are singualar.

4.3 Tests wsing information criteria

There is a Jong but less than foliy deveioped tradition of using entropy to formulate

hrpotheses. The essential idea is to cstimate the difference between the entropies
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ahtained under different hypotheses and models.  The distzbution of a suitably
standardized funetion of this entropy divergenes would provide the basis for inferences.
For example, recently Robinson {19913 derived the normal limiting distribution of the
Kullback—Leibler ériterion and showed its congistency in ome-sided lesis of nested
hypotheses. He considered tests of independence and the random walk hypothesss. &
difficult form of waizhying (trimming) is necessary to establish Robinson's asymaptotic
distritmtions which rely on kernel sstimation of unknown densities. We propose ME
densities im place of the latter, and bootstzap methods for standardizing
transformations and inference in small sample situations. Sin and White (1852) have
proved the same result 33 Rebinson bat do not require the weighting scheme employed
by the batter. Some examples ane as follows:

{i) Test for normality:

Whenever the entropy of 3 pazametmicatly specified model is known | its cstimate
may be comtrasted with a nonparameiric estimate of the emtropy of the sample
Suppose we wish 1o test the following hypothesis:

H,:f(x) = £, {x) - Ny, %)

]E[I SIESES MES
This problem can ariss in tesiing for the nozmality of an econotmic varable or the error
term in Tegressions. To test this hypothesis we can consider a test statistic which &
hased on the entmopy difference or the divergence measure I1 givenin section 3.1, This
15

a(f) = B{f) ~ W) =1 [ <hf x}) (38)
wherz Hotf‘,l % 4 paraseetric evalnagion of the entropy of f under H_, given by

1 —_—
Hify=-] E {xMogf, () dx = logo + — wlog Tz {37)
while H(f) is & noe—parametric ¢ duation of H(f) = —Eloghx}, the entropy of the

shternative. In practice we replace B (f) by B [f) = logo + _____ +logi2x where

o = 3z - D{n=1), and Hf) = __Elmg ;) where  is the usual maxizeum
1=
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entzopy estimador.  Ome may consicer keroel demsity estimators of fin order to
ealealate H{f), Vasiesk (1976), however, introduced the following “empiric entropy™
axtimatar:
. o
i{f) ﬁ+iglmg o i iom)) (3)
where, given the observations *, 3‘_‘5 :.'25...5 o denoie the crder statistics, Fl= '_t,-I(J <
1) and 3, = ¥, {i = mn). Teing H{f) in dff} Vasicek stidied 1he properties of the fest
_stau'stic and provided the critical poiots of the tese, The case m =1 8 known as Theil's
enteopy estamatar, The latter should be distingnisbed from Theil's inequality measure
for the rive distribation of 2 variably; See section 61,3 below,
(5] Test for Independence
Suppate we wish to test the independence of two rzpdom variables Y and X, Then
I, - f{r.x) = Hy)ifx)
B - fya)s iy«
A test statictic basad on the entropy divergange is

a{Hy, o, } =H, {f)— Al (21
= e[ [ H{F)f{x}log f{¥} + log f{x}]dy dx=
+ [ iz x)og iy x)dy dx (10
= H (fly}) + B{fix)} —Hif{y,x)} (a1}
=1 (flyx).fx))). (42}

where l]is a mepsure of divergence of fly H{x) froan fiy =), Thus teating for Hﬂ implies
tesiing ford = II =0
In practice d can be calenlated by substitnting nonparametric estimators of By}
and H(f{x]} as given above, and of H{f{y )} br
El{ﬂr;])=-*+éllﬂf. s (43)
The asympiotic normality of d based on these estimates is established in Robinsm

{1801}, But Robinson cmploys kermel demsity estimation o obtain the ankoown
densities, see also Abmad and Lin {1876) and Sin and White {1092). It would be wsefal
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10 examine the altermative based on ME densities, a5 well as the small sample
propes o5 of the tests by bodtstrap metheds. In particnlar, inferences based on the
vorma: distibution must be viswed with cpea.

Testa for 1he symmetry of a density function, B i{x) = f{-x), 73 H : Hx) (=) ,
and tests for equality of densivies, H_ @ £{x) = fplx) v H; : {not H_ ), can also be
developed by using the above procedurnas.

(i) Residual based tests:

A test for linearity against & ME regression m(x) can be developed by an
adar ation of the Ramsey's RESET or other residual based procednres. See Pagan and
Hall ,.952). But instead of polynomial or non-parameitc repressions, suitable
fometions of the residuals from an ME regression and residuals from a lineas segression
may be contrasted.  Indeed the cosirast critera themselves may be chosen fram
informagion theory althongh the oo -ropriate distibution theory is not yet available.
Given the accummniated eviden: on the performance of asymptotic theory in small
semples, however, it would seem both necessary and desimble o desve hetter
approsimations by (e.g. ) bootstrap methods,

Tests for ather hypotheses, such as senial correlation and hererockedasticity, may
be developed where regression exrors - given the ME density. Rao's score principle
can be adepted for a elass of non—Gaussian distributions, s&e Bickel {1382), and Bera
and Ng (1991). The lstter paper considers seversl different estimatars of the scome
funetion. It would sesm worthwhile to consider the ME estimator of the score in these
cases.  In fact the most versatile and surrently popular testing procodoses are the
Lagrangian Multiplier (Svore) tests. Clearly, this entire zrea of infereace swaits
revigion becanse of the less than satisfuctory performance of the LM test in small
samples, 1t 55 well kaown that much of the diffiealty ean be tzaced 1o the estimation of
the score functiom and the information matmx. 1 would conjeciure ther the ME
alternative would be more suecessfnl sinee ME density cstimates tend to provide for
better and smeother tail atea estimates. [ would ecpecs this superionity to materialize
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oven over olber non—paremetric (kerned) density estimates which tend to do badly in

the geils. Omee again, compoter intensive evaluations of small sasmpls distributions of

test statistics showbd guide the applications of these new test procedures,

4. Adaike and Rissandm criteda, Fishers information matriz, higher entropies
and peometiie.

51 Moddel selection and fit criteria

The decision on whesher & model bas adequacely f1 the available data, or whether
it predicts well, or how it compares with competing models is pachaps even more
important in the soctal sciences than in "ecxperimenial” ares.  Obgervational data
require moktiple regresion typs "controls” as well as consideration of many competing
models that are empirically andfor iheoretically plansible, Such decisions require
criteria of "goodnass" which can b taken to mean otitéria, for measuring "closensas” to
some ideal. But this is precisely the task for information eriteria of the type described
in thiz paper and chosen for its main theme Many of these criteria eithes subsume the
well known (2.8) tresn squared error type fonetions oo compete with swch traditional
mezsures. The most important difference between them is that information funcdions
are typically dimension-independent and non—paramstsic if desited, making them fas
more effective in comparison of disparate [eg., non—nested) models.  Section 4
comtaingd some examples of these crilterz whes the closely related qoestion of
hypothesis testing was addressed. Below severni eriteria aze briefly deseri bed, bat 2 full
list would be virtnally endless.

Based on the Kullback—Liebler measwre, Akaike (1973) proposed the most widely
anzlyzed information measare of moded {variable] choice. This measure has been nsed
in both time series and regression comtexts. Akaike's measars must be credited with
being the firdd widely known messure that atlempis to address the divergent
requirements of medel comptexity and eslimation accaracy (fit, likelihood), Buot s will
be seen, Akaike's measures 1ake parstmony 28 an indicator of "complesGty”, whereas
tecent measates proposed by Rissanen attempt to go farther in this regard.
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Alkaike {1672 inkradussd the following measure { AIC):

AIC = [~Zjlog (max Likelihood) + 2 (number of independently adjusted

parameters within the model ) (44}
The modsl of choie would minimize this criterion. This would penalize lack of
parsmony, and depead on the ¥ ~'ihood to measume fit and estimation accuracy. In the
context of wariable selection in egression che expression for AIC is:

AIC ==21n L{by |7)/T + 2K /T {43}
where L{ ) denntes the ikelibood, v is the depend:  -ariable, b, is the estimate of the
K., independent [umrestricied) regression costic: “,, and T denotes the sample size.
Denoting the corresponding regressor matrix b and My =1 - K![X]'_Ki]_lxlr.
[45) may be reweitten as follows

”Cnmwu )= §MyFT + z.ﬁil,'T (48]

The relationsblp betwesn this measure and sevesal others may be noted. This &
ofien & matter of how the unknown coefficients are estimated. For imstance, if o7 3
estimated by its nsual unbiveed extimator, P = 3 My [ T—K) with X demoting all of
the K regressors being considered and M defined similacdy to M, AIC becomes
identical to Mallows I::P criterion. On ihe other hasd, a presiction criterion propased
by Ammeriya (1980) 5 obtainad from ATC when o° §5 catimated by:.r'hllwa—lfl}.

Sawa [1978) proposed a Best Iniormatios Criterion (BIC) which is also based on
the Kullback=Lishler divergence hat does ot require the existence of a "true” model.
A peendo—true moded is first defised. The role of information erte=5a in defining
paendn true parameters and models is quite significant by oow. See section 3 of this
paper for more detail. See White (1990) and Sin and White (1992) fue recent examples.
For instance, the latter paper develops 3 penalimed Kketibood eriterion for model
selection for sufficiently regular dependent processas in models 100 mi e nested o
non-mestad, linear of nonlinear, amd possibly misspecifiel. They give sufficent
conditicas under which their criterion selects, with probability ooe or approachicg one,
the mods 1 hai attabng the lower average Kullback—Leibler divergenes. They show thal
Akaikes, Schwars' and Hannae—CQuninn information criteria ame special cases,
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Akaike and others have exwended AIC in both the fregoentist and Bayesian
settings.  These eriteria have become sefficently popular in ecomometzics i be
presented in texibooks; £.g., sec Judge & al. (1883). But it would be inaccurate to
think that @ rlosure is at hand in the debate regarding the separation of hypothess
testing which Alaike and many others consider as riddled with subjective choices, o
the cne band, and those whe do not think there is a signifcant new element in these
information exitesia. Ses Leamer {1879).

A wery promising and sesmingly geners] criterion for the measurement of stochastic
complesity of models has bamn propased by Rissanen. See Rissanen {1967, 1988, 1453).
Rigsamer’s work builds upon notions of algorithenic complexity developed by
Salomonsfl, Kelmogorov and Chaitin.  In ozder to employ the Minimom Description
Length (MDL) eriterion developed for encoded phenomena, data and the model cdass
are first encoded. Rissanen {1988 provides a review of soveral techmigques for encoding
it reveals nece again & coTtain vagne nmiversality for —ln (probabifity) as @ store of
information, a "prefix" code. Once this coding is achieved, codes and code lenglh
Tather than medels become the primary objective of chofee. Ome then chooses from
within = model class by minimizng the code length. Mote that, like the ATC, bath the
datz and model characteristics are taken into acoomnt. A shightly simpler and more
limited concept of "rompleadty” i4, of ecuese, predant in ATC, Rissanen's criterion iz
applicshle 1 mere complicated models. He bas provided many examples in Ms work,
inchding the regression protiem discnssed abovs.

Lei ps see the conpeciion between MDL and stochastie complexity for the
prababilistic moedel chass

My = [P(x| ), {#]] [41)
where F(.] is the probability fanction (or density}), wis the prior on § which may or may
w0t axist and is pot relevant atymptotically, and §is a k—component parameter vecior.
Faor a sample of n observations on ¥, a two—part coding scheme produces the following

approzimate frmala for the MDLin texms of the optimal {MLE] estimator &
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MDL (k) = ~logfply | By=(8)] - <logn)j2 + O(X) (48)
Thelast term is negligible for latge & asis the o) term.
Stochastic complexity for the same model class iz obiained by elisminating &
redundancy above that forces a non~essential pararmeter eoding. Instead the following

smintmalist version of (48) iz obtained asin chapter 2 of Fissanen [1938):

Iy My} = —log i) {48}
By} = | ply| 4) daid) {50}
An approsimate relationship between the MDL and stochastic complexity 1[.) 85 gives
in Rissanén (1988) a8 inllows:
liy|M,)  =—log B(y| 8) + Glog |B]
= —log B{y| 6} + §logn (51)

where © denotes the matriz of the second derivatives of the function Liy, 6) with reipect
to 8, and L{.) iz logazithm of the two—part coce {joint likelikood). Interestingly,
Rissanen shows thei maximiniog the posterics distribution does ool peovide a
“meaningfal criterion” especially since a0 penalty for the number of parameters will b
given,

But information criterla bave played a contrective rale in Bayesian analys, s
Fellmer {18491 ) for 4 recent surwey. This role goes beyond © - area of medel selection .
the hasis of odds ratios. The ME pricclple can be weer  oxamios learning rules".
Indeed Zellner and others have shown that Bayes® role is an “information efficient”
learning riale ascording to the Kollback-ledbler criterion. ME posterior distribations
have alss been dedived by Zellner and his associates. The Kullback—Leibder eritenon :
sometimes referred to as the Jeffreys' criterion since he deciwed it in his search io
iwrariant prior densitics, see Jeffzays (1H67).

5.2 Information Matrices and Mettic Spaces

Tt ¥ have the distribution fumction F(7, £ with a density denoted by #{y, 6. Lo
3 be an hypothesized fompeting distribution with density deroted by ply, §). And Ie
hi.} be an information fonction so that the entropr of ¥ is a5 follows:
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H 1) = J () fdy
= [ .} dy, sap, where pis known as the g—entrapy function.
It is then readily verified that:

"{dﬂﬂwff]'fdf’] = 5;(53 = ?? J.i‘].dpﬂﬁidﬂf dﬂa‘LPdﬁ' (52)

byj =1 @ (5) (B8 8820/ 865 dy (53
,"Lw is called the p-ordes information madrtz, and E;j ts the g—entropy metric {distancs)
of the Reimannian geometry. For Shannoas entzopy, h.)=—log [, and

ﬁ"F= E[(&h/ 6. (h 307 )] = Fisher’s information matrix,
Hote that 5%} is positive semi—definite far concave ).

Burben and Fazo (1%82) contains further eaboration. There is 2 fertile area of
research oz the differential peometry of statistics in pgenecal, and that of the
Kuliback—Leibler measure, in particuiar, Mahalanobis and €. R Hao gre amongst the
earliast writers, See Critchles, Marsiott, and Samon (2001 for 2 recont discassion.

6. Axiom Systems for ineqoality and concentration

In the rémainder of this papar & sample of thenretical and empical questions 2%
given in which information theory comespts and tools bave played an increasingly
promivent and constroctive role. The discession focuscs primarily on économis
applications, bt several siber fialds are at least as active in this area as eromdamics-

6.1 Wellare and Well-Being: '

One of the rmeat perplesdng questions of welfare ansiveis based on welfare and
utility functions is what arguments should be lmcladed lon these functions. For
individuals, some candidates are income, wealth, kealth, edacation, and "n=eds”. For
social welfare functions, such azpnment: a8 indivdeal oubities, entotloments, and
liberty have been considered, especially since the UN and other agencies have procured
data on other attributes of "well-heing" than jost "income". Accepting equality as 2
major comprnent of equity, important advarces have taken place in the ast decade in
developing the axiom syatems which belp in the classic problem of choice among

inequality indices, In what follows it can be seen that these developments criginate in
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the literatore cn "ideal” information criteria and “ideal" functics ds. Contrbutions of
I. Aczel and other information ihecrisis have provided the inspiration in this effor.
6.1.1 Welfarist/Utilitar:: - constructions
Let the Social Weliare Funeticn be defined as follows:
SWE = W (1 ) )
i =ulf:,y,:...} stands for individieal 1 "ntility™. ¥What z2re the appropriate args oents
wTin W ! We can inchude more than fust commodities and sarvices in o, and stay
"otilitarian”, or go boyond oF i W oand stay with “welfamsm".  The
multi—diseenzional approach as advocated by Sen, Atkinson & Boorgeipnom, Maasoami
and others, i& a regponse 1o these required extensions. In the past income alon: has
been a dominant indicator of iedividnz] welfare, either 25 an argument of T, B4 1y, OF
even as Woitselfl  Whatever the atteibule, the computation and anabysis of the
"mequality' in its distribution has been an essential elament of welfare theory.
6.1.2 Measuring Incrmme Ingguality
Today ibere exist very many ad hos measures of "equality™ and several coneepts of
equality!  Some messares are justified by convenience, some by Statistical
considerations, some bave informal economic fwellarist appeal Exmmpies are (i,
Variancs, Coefiicient of Variation, Theil's Information Messarss and numerous others,
The axiomatic approach developed by Snorcocks, Bourgnignon, Cowell and athers, was
a regponse 1o the need to pein in this arbitrary and confnsing situation.
6.1.3 The Axigmatic Approach
Let the vector of :comes for N individuals be denoted by y=(y, ¥g,-Fpgs 226
any inequality measure by I{y). The following “properties’’ or axioms are comeomonly
required of any inequality index, 35 they would be of any icformation measiie 1o &
different guise and with different justifcations:
Al Anonymity {symmetry): I{y) iz invariant to permutations of 7.
A% Normalsation:
Hy,=T .frali then
b=, Thiz is bok inccucas and sengible.
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A3 Principle of Trensfers { Pigon—Dakton):

Iy') < 1(5)
iy is a “progressive" redistribution of y. i ify; > y; for some t and j, redistribute ¥
toy sochthat y, =y, }Tj‘Pd.:' ¥y and ¥, =, forall othee ke
Ad Comtinsity: Hy) is continuous oo the set of all income distributions Pp, for every
Iv.

While Al-A4 are adequate far some "stochastic dominamee” type comparisoms
{Lorenze), and rankings of distriboticns, 1here exist too many measnres that satisly
them. These differont ingquality measures can also give conflicting rankings. So other
Jess bagie (but still sensible} properties are imposed:

A5 Homegeseity: Ky)=I(y ), ify = ¢ ¥, amy sealar ¢ This will Hmis the class of
admissible measures. Only "relative" inequality can bé measured with iedices of thiz
type and "efficency” 15 not addressed).
AF Replication invariance

I(¥) = §{=) f = 15 a replicatlon of y. Eg..x = [ry]. this is wseful for
dealing with popalations of different szes.

Still, axioms 1—6 are satisfbed by maoy fumibies of measures! Further restrictions
and argumenis are reguired, ameng which ethical and statistical consideracions are
promingnt. An advantage of the formal aviomatic approach is that ethical values are
made diear by connestion to SWFa. But one also requires sensible propertics relative to
"usage”, andfor logical practical (mathematicsl) considerations. But the SWEF
connection will not be entugh. For ecumple, let

.w]_ffj = % o ':?'l}r (55
and wse the followiag inquality imdec:
Iy)=1-¥,/n; {56)

where Wiy)= W(;,—ege,...,pej, ag & measnse of relative welfare logs. This will prodoce,
along with Axiom §, the Atkinson family of measazes,
This ethival comnection, howsver, is not snfficient sinoe we could as well geeerate a

welfare fancsion for any other cholee of Iy}t Take
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Wylsh=p, e [-1¥]] (57)
and Iy} =tnfe ) —lair,) ! (56}
Additional 'mslh]e"rxatriujmw are desizaible, e.g., U one wished to know "how mich
of the overall inequality in the woald i3 duo to the inequality smemg the Asian
countries?", or "the centrally plansed econgmies ™, o7 " Juwo to certaln types of earnings
such s sodal benefits™, or “dus Lo GO, TACE O DCCHpALIOD differencesT", then ons
wonlld discerver thar most ineguality indices are eliminated because they provide either
vague of condlicting answers, see Shorrocks {108%). Hence addiional resiricthons
resemblieg the "hranching” axa0ms of information theors are neaded. For éxample:
AT Agpregation Conststency (Additive dernmposability})
et a pepulation be made ap of gronps g=1,2,.....G, with gronp sizes L, exclwsive,

with mean incomes _Tg. Suppase we TEATTANZE inosmes witkin each suhgroup

(preserving ) such that {he inequality in each moup, I(y%); say, is increased. Then
we wonld Hke the orerall inequality for that populaticn &4 incTeas:. Sueprisinghy, suc
2 sensible "snbproup consistency axinm” is violaded by many indices incinding the me
widely used of inequality indices, the Gisi! This & wnforiunale and Taiss serion
questions regatding the folklere serrounding much empirical evidence.. This we
Tequire;
) =UF s ¥ g ¥ @t gwsrﬁcﬁ _ (59)

When combined with Al—A$ this requirement reduces the olass of admissibl
measures to scalar multiples of the so—valled Generalined Entropy Indices, st
Shorroels (10801084 ):

I (y)=5 [(ry/e) 7T - Ufliofr 5 1) L 701 (60)

Iﬂ[ﬂ= E‘ E}'ifﬁr}h {Hfi.llﬂyjb {s1)
i5 Theil's first measare, asd

:_lm=_;{__r;1n {1 ;) 62}

iz Theil's seeond measure when the "population share’ of exch omit i3 1N, {B01—{E2)
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are clearly experted divergesces betwsen two distributions, the size distribution of
innome and the rectangular (uniform) distnbotian which bas the highest entropy and
represents "equality”. When the popaiation shase of a typical nnit is By 537, the abore
meagnees reflect the informetion divergence bedwesn the population and the incomse
shares distribaiions.

Theil’s seccmel aneguality index is koown o allow for the least ambaguons additive
deecmpositions into the within and between growp components as follovws:

)= E_2g15) £ (7, Ty T g (83)
Unlike other measares, particobarly the Gini indes, i1 i poesible for & policy anadyst to
use Theil's measure and 1o isolate the contribution to the oversl ineguality of the
inequality changes for a target group.

There is & common misondesstanding of the above measpres as “emtropy”
measnres,  Io would be a mistzhe to think that these measores mvolve cither the
concept of the compatation of the emtropy of the income distnbation. In the zbove
fgrmulae the entropy of the population distribution is subtracted fram another entropy
redated to incomes. But this fatter entropy is differend from dbe entropy of income
distribution, 1 i3 in Fact & mere eniropy formula computed on the basis of moome
shares interpreted as probatilities. These are not the probatalities for the realivations
of the income variable. Tmcome shares define a "size distribution" whose estropy is
eomputed for inequality measurement, It would be interesting to siudy the difference
betwesn ihe entropies of income and the population 25 8 measure of ineguality.
Praliminary results suggest considerabie distinction with the eraditional measures, see
Mansommi {1598},

7. Multdimensional Welfare and Inequakity

Going beyond “icome" and “utiliticiawsm" we may wish o consider,
simulianemasly, many welfare attributes such as in—kind “paymenta", social benefits,
entitiements, freedoms [political fréedoms, civil Hberties), physical guality of Iife
indices {PQLL, BN} and many of the other mezsured indicators of well—being.  This
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Taises many new guestions, snch as measorement accurzey (relative to “hasd" datal],
index muenber problems (see discussion below), the problem of "gemsible axiome" of
meaninginl properties that agpregation fanctions andfor ingguality measures should
eatisfy, and double counting problems.

Maasoumi {1978, 1L ., 1990] developed an approach based on information theory,
There =re two steps io this approach. The first s to find an aggregate of compasitt
meagare of well<heing, The second step i5 to apply 2 suitable measucs of nnivariate
inequality, say, to the aggrégated measare. The choise of 2 measure in the second siep
will ke gided by 1he mdomatic developmenta outlined abovs,

Thiz approach has found zpplications is several areas, imcluding the Mithigas
Panel study of income dynasmies [PSID data on all income sources, howsing equity, and
aducation, with gronping of the sample by age and ge:., see Maazonmi and Nickelsbarg
(1888). There zre other eepirical applications in the aress of mobility, intermatiool
*well—being" and inequality in GNP, POLL and BN, and io a "clester analysis” steds
which attempts to identify "comparable” attributes in order to avoid doable counting
probilems and over weighting [Hirschberg, Mansoumd, and Slottje (199275 A emrvey o
eppirieal applicitions in inequality and welfare is provided in Maastamt [833).

7.1 An Aggregation problem:

Take Y = [5], iedividual (unit) i=1,.N; atdbute el M. I
BBl ¥ygees iM]' be the aggregate function for the i—th unit. Find §; soch tha
S=(8) Sg-iSy) I8 =ipsest® to all the M— attributes. The criterion of closénes,
"omparability™ of Sen’s, is the Generatized or “y— Entropy":

GB{S)= by Bym B 5 /) T~ (64)
This produeces some SWERTising nnt:nmasliw "ideal tndices" S: :

s - i 7
.~ proportional to [Ej'ﬁj'-"'ij 1 (65}

where Fj are nocmalized aJs_ This Conetant Elasticity of Substitntion (CES) famil
tnfudes such forms s the gemeralired pometric mean (Cobi—Donglas), linesr
L atief and ather popoler forms, Principal components have also betn proposed o
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composite indices, see Fam (1952), [t can be ssen that {65) includes principad
COMPONEnia &8 a very speciad case abtained when v = —1 and Ejn are the plements of the
fizsi characteristic vestor of the second moment matsx of Tif Viewed as a hyparbolis
mean, {G5) it also an example of solutions abtaised dor "ideal® averages in 1T Kiterature.,
Much of this work is dome by Acsel and Robests  Several empitical apphications are
deseribed in secdion 8.

Maasonmi (1986a ) proposed the axiomatic approach outlined above, snd wae of the
GE messure I[w) on the aggeegate shares, 5. Properties of chis index as a
multdimensional measnre of inequality have been further studisd in Mazsaomi {1965h,
1080b) znd Dardanani (19925, T (1992} has followed & one step, ditect axiomatic
approach Lo obtaining suitable ageregate functions and inegnality measwres on several
attributes. Interestingly, essentially the same measurss a5 in the two—step appeoach
emerg!

In w0 resent papers, Massoomi (1889) and Massoemi and Jeong (1986),
infermation theoretic mensures were ntilized in the comparative analysis of well-bang
in the world, Traditional anzlysis in this ares has hithertodore been based slmast
exciusively on GNE or GDP. Typically, the size distribution of one of these attribntes
waould be charactenzed by a Ging measuze of inequality. Thiz approach suffers from
two priacipal shactcomings, The firss is the wse of Gind index, and the second is a more
widaly undersiood and accepted problem with the exclusive ideptification of well—haipg
Ly pare income measnoes.  The latter is particalarly tzoubling in isternatiomal
comparisons where a good many significant other factors cammot be controlled amongst
divezse attitndes, cultures, and socic—econamie arrangements for individoal and sacial
aitainment of welfare. Ciber relevant attributes have now been measured and made
availsble by international apencies.  Among the problems that must be faced,
measarernent aceuracy, choice of "iodependent™ attributes, how to combéne the chossn
atlribaies in composite indices, and the choice of an appropriate fedes of [e.g)
imequality, may be meationed. Information theary concepts were dged in the abows
pipas to deal with these problems except for measurement arroe.
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The secomd difficeley, the almost exclugive reliance on the Gini measute of
distributional charasteristic, is also Tesolved if one uses the famdily of Generalized
Eotropy |GE) measures instead.  Hers ecomammis theory and information thesrs
togethes help to clariiy a sevealing earzespondence bevween degrees of relative aversion
to inequality {1ail ares transformations which are so inporiant for policy amalyss) and
vha choice of summary indices of ineqaality, poverty, &fC {gec ection T 2hove). Gin,
heing more sensitivg Lo changes in ihe eontral aren of distributions, is seen to be les
2 propriate than some entropy based measures fr the study of dynamic distzibusional
changes that may be sxpected 25 2 result of wypical development or tax—hesed policies.

In Mansowmi (19892} per capita GNP was comsidered ag well as two compoite
intices of Basie Nesds (BI) indicators and Physical Graadity of Life Indicatoss (POLE}
Pach of the latter tz made up of other components roflocting well=being.  Two
inequality indices, the eniropy—based mEasLOe: due 1o Theil, ses Theil {1867}, wore
compated for eacs of these three attributes for 2 distribution - | countries in $he middi
io jate 10706, En addition, the first entropy hased commeosibe indices of GNFP-BN and
CNP-DQLI were proposed providing the frst multi-dimensional measates of
well—hedng based on indormation theory. This approack also provided an interpretation
far some of the previonsly proposedt cOmpisite MERSuses, such as the Primtipal
Cgmyponents {PO) nsed by Ram (1982).

A similar application of these technigues to 15 panel datz oo kowsehold income,
pet ity in bomging, aed edntation was yeporied i Massonmi and ickelsbazg
{7 Michigan Fanel Study of income dynamics provides a rich source of ditas ca
g oral thomzand houssholds, theic deauographic charactaristics, theit esonomic SLALS
in terms of itcome, edncation, equity, transfer payments, etc, starting in 1968, The
2% _ve mentigned study forused on the two information mesanres of inequality proposed
oy Theil, for each of the three atteibutes, and for similar aggregztes of them as in the
ingernational studies cited earlier,

Tn these epplications, fmportant " decomposition prog rtes” of the informatics

measnres, deseribed ln o previous section in asom AT, prove cruclal in successfully
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comtrolling for snch goouwp characterislics as economie aystem, geagraphical location,
lewal of indugicalization, snd GRT level in the case of eountries, and for levels of
cducation, age, race, gender and iaccone level, in the case of individaals and bowsehelds
in the szeond stody.

A third set of applications of information criteria is the subject of Maasoumi and
Zandvakdli (19861689 and 1990). Whereas aggregation over differso attributes was
the focus of the previous studies zbove, aggrepation over time of = single attribms,
‘howsghold imcome, is studied in this ihied aren.  Farlier, Shorocks [1078) had
comsidered simple sum of incomes over time and propesed & measure of "mability”. In
comtrast, the more general information apgregases of sociion 7, allow for more genezal
substiiucion and weighting schemes over time. This can provide for morg plausible
means of eontzelling for transitory changes in attrbute distribusions, and provide
mobikity profiles as the apgeregation interval is exisrged  Once again the
deemposition fpartition properties of the information measnres allow us to control for
such charactesistics as m:e,'éélucatim, age, e and income level, In the absemes of
coniral fo7 suck "co—factors”, the previows lizerature in this acea has been nnconvindgng
in its attribntion of distributional chanpes and shifis wo policy decisions and other
sacio—economic conditions.

Similar applicztions 1o the definition and measurement of industrial andfor trade
"aompentzation® is poasible and is of comsiderable value in ecomomics and paditiead
seienre, Entropy, in its vanows foems, 18 & very nateral and revesling messore of
dispersion, but osly Shanson entiopy sesms to bave been noted and wed in the
industrial organization area; sex Theil (1967} and Zandvalkili (1592),

Az the main theme of oor sarvey suggests, anytime thero is an interest in
evaluating "dmilacty”, "collapsibility, "procdmity" and  “closeness"  amoag
mathamatical or slatistical measurements, information criteria described earlier in shis
surver present themselves s at least, very stiong candidates. Cluster analysis is an
mmportant area e statistles generally, and soclalfecopomic sclence applications, in

particular. Traditional mezsures of doseness nsed for elustering variables are raiber
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predictabe varants of mensures of "distanee", such as the enclidean meagare. Sec
Mirschberg, Maasoami and Slotij (1081 for a brief presentation of some of Ehes
meaxsures. In the latter paper 24 attributes of Purell-being" are congidered for 120
conntries. These attribuses nclude GNP—related indicators as well as such variables as
literacy rates, morlality rates, women's parficipation in the labor force, health states
and infrastrucinre varnables, politizal freedom and civil lberty indicators. As was
wnentioned above, "double coanting® of similar ateributes i & matter of conearn whes
4o moany attribates are considered in any application, juding ordivary regression.
analysis in the social sciences, Cluster anabysis finds a nz:ard application hers, and i
our study very inderssiing and plausible clnsters ritmtes were identifiesd by
traditional measures of closeness. (Qur measares woress did et imcude the
information criteria that wouold Sooefime SmCOmb. L. the traditioral eriteriz of
distanee”. This it remedied in Himchberg, Measoumd znd Slodeje [1003) wer
\nformation coiteria are added in evalnating the cluateriug characteristics of a large sl
of TS welfars attribtutes in the last few decades, Gozne of the information measoses used
by these anthoss are the measnnes defined in saction 2.3 above. T would be iempting 10
argne that the information crteria provide for a rmacher asd more “informed”
eomparison of variables than squared distapees, say. o the absence of & spedific
context this would be = reasueable comclusion from & cﬁns.iﬂ.eml—ina of the axdom
systems that were exemplified in the first sectioms of this sorvey. Bal "informatica’
and its walue, or even quastity, nseds to be mdgad in the contenrt of the wse o which it
iz being put. For example, 21 the information provided by a set of variahles heyond
their secnnd moments is of questionable consequence in a ket regression moded and fo
least squares based techniques of infesence. So it i3 that the appropelate clustering
criteria is 3 least partly decided by what use i5 10 be made of the clustered groaps of
viriables and data, This is & difficult fseue, and We are Aware of poly some indiresily
related Tesnlts on this question in Maesoumi (19860}, More work in this azea swem
wokthwhile.
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In gection 3. we alloded to the definition of financial entiopy by M. Stitzer {1993),
This paper concains an emporecel application o daily data on US stocks. There §s a
growing momber of empirical applications in finence and in conducting tests of
dependencs in non—lingar dynamic models. Some limitad progress has also bemn made
in emplaying information theory concepts in crder fo quantify markel "nows" and
Menrprisas”,
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